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Unless you can measure what you are speaking about and express it in
numbers, you have scarcely advanced fo the stage of science.
—Lord Kelvin

PHYSICS is 2 quantitative science—it deals with numbers and measurements. If we are to understand
the knowledge of physics we must be aware of the nature of measurcment. When the purpose of an
experiment is 1o test a theory, we ask how accurate and how precise the predictions need to be. If the
theory predicts a deflection of light by 12° but experiment reveals an angle of only 10°, is the theory then

confirmed or rejected? The importance of errors and uncertainties in physics cannot be overstated.

The purpose of Dealing With Uncertainties is 0 help you appreciate the quality of your experimental
work. This booklet explains the basic treatment of uncertainties as it can be practiced in the B Physics
curriculum. A more mathematical approach is possible, including statistical analysis, but for a high school

survey course the treatment suggested here is more than adequate.

INTRODUCTION. There is a basic difference between counting and measuring. My class has exactly
16 students in it, not 15.5 or 15.4. That's counting. But a given student is never exactly 6 feet tall, nor is
she 6.000 feet tall. There is always some mit to the accuracy and precision in our knowledge of any
measured property—the student’s height, the time of an event. the mass of a body. Measurements
always contain a degree of uncertainty. Appreciating the uncertainty in laboratory work will help
demonstrate the reliabiliry and the reproducibility of the investigation, and these qualities are hallmarks of

any good science.

Why do measurements always contain uncertainties? Physical quantiies are never perfectly defined and
so no measurement can be expressed with an infinite number of significant figures; the so called ‘true’
value is never reached. There are also hidden uncertainties which are part of the measurement technique
itself, such as systematic or random variations. The resolution of an instrument is never infinitely fine,
analogue scales need to be interpreted, and instruments themselves need calibration. All this adds to the
uncertainty of measurement. We can reduce uncertainty but we cannot escape it. In order to do good

science, we need to acknowledge these limits.

PRECISION AND ACCURACY. To obtain a more reliable result, a physical quantity is often
measured a number of times. For instance, the period of a pendulum may be measured (in seconds) three
times 10 be 3.3, 3.2, 3.3. There is a relatively small variation or range of measyréments here, and 50 we say
the precision is high. But if the results have a relatively large range, say 3.3, 2,8, 3.5, then the we say
precision is low. The precisfon of a series of measurements is an indicatiofl of the agreement armong

fepetitive measurements. Precision can be quantified as the standard deviation of the measured values, but

r
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this is not necessary in IB Physics work. An example of an uncertainty due to the lqck of precision would
be the measurement of the thickness of a thin wire using a meter stick. The wire is only a fraction of a
millimeter thick while the meter stick is calibrated in millimeters, and so the prec:sxon of the measurement
will be low.

The number of justifiable significant figures also expresses a notion of precision. Two students may

have calculated the free-fall acceleration due to gravity as 9.625ms™ and 9.8ms™ respectively. The
former is more prcciéeumcre are more significant figures—but the latter value is more accurate: it is
closer to the correct answer. Precision, then, can mean the resolution of measurements, be it meters or
millimeters. An amazing example of precision is the measured charge of an electron,

g, = (1.6021773 £ 0.0000005) x 10" C, which represents an uncertainty of only 3x107%. Another

example of high precision is the measured equivalence of inertial and gravitational mass, where m; =m, is

good to 1 part in 10'2, an uncertainty of only 107'° %.

The accuracy of a measurement is its relation to the true, nominal, or accepted value. This can be
expressed as a percentage deviation from the known value. In most cases, the true value is an experimental
value, such as the charge of an electron, and acceptance is based upon reproducible measurements. An
example of an uncertainty due to the lack of accuracy would be the measured length of a football field
using only a single-meter stick, laying it end on end. Although the meter stick has a precision of one
millimeter, your overall measurement would be far from accurate. In physiés we seek both precision and
accuracy; it is of litle value to have a digital stopwatch displaying time in thousands of a second if the

electrical circuitry is running slow.

Consider a hunter shooting ducks. Don’t worry, the ducks are plastic. The four figures sketched below
represent combinations of precision and accuracy.

Low Precision Low Precision High Precision High Precision
Low Accuracy High Accuracy Low Accuracy High Accuracy

A 1

We can conclude that an.accurate shot means we are close to (and_ hit) the target but the uncertainty

could be of any magni;ude, large or small. To be precise, however, means there is a small uncertainty,
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but this does not mean that we hit the target. To be both accurate and precise’means we hit the target

often and have only a small uncertainty.

UNCERTAINTIES AND/OR ERRORS. Some textbooks treat errors as equivalent 10 unceriainties.
Errors, of course, are mistakes, and you can often find your mistake and correct it. Human errors arise
from carelessness. Perhaps you misread a meter, writing down 1.50 instead of 1.05. Repeated readings
can teveal this. An error can also be the difference between an accepted value and an experimentally
measured value. Perhaps you calculated gravity as (9.6 £0.1)ms™ whereas the accepred value is
9.81ms™. Your estimated uncertainty is +£0.1ms™ and gives you an probable range from 9.5 10 9.7

ms?. But the error here is the difference between your calculation and the accepted value, an error of

0.2ms"%. Clearly, the error was not an explicit part of your uncertainty, and your result is off due to
errors and uncertainties not yet accounted for. In contrast to errors, an uncertainty is a hrmt to the
precision of a measurement or caleulation. In this booklet I will keep the terms ‘error’ and ' uncertainty’
distinct.

SIGNIFICANT FIGURES. You first become aware of uncertainties when you deal with significant
figures. There may be no mention of errors or uncertainties in a given calculation, but you must sull
decide on the number of significant figures you quote in your final answer. Consider the calculation of
the circumference of a circle, where ¢ = 27 r and the radius » =4.1cm. Enter these quantities into your
calculator and press the equals key, and the solution is given as ¢ =25.76 106cm . What does the 0.00006
in the calculation really mean? Do we know the circumference to 6 one-hundred thousandths of a
centimeter? The 2 in 27r is an integer and we assume it has infinite accuracy and zero uncertainty, and 7
can be quoted to any degree of precision and we also assume it is Jmown accurately. But the radius is
given to only two significant figures, and this represents a limit on the precision of any calculation using
this value. The circumference is known, therefore, to two significant figures, and we can only say with

confidence that ¢ = 26¢cm.

There are some generaI rules for determining significant figures. (1) The leftmost non- -2ero digit is the
most significant figure. (2) If there is no decimal point, the rightmost non-zero digit is the least significant
figure. (3) If there is a decimal point, the rightmost digit is the least significant digit, even if itis a zero. (4)
Al digits between the most significant digit and the least significant digit are significant figures. For
instance, the number “12.345” has five significant figures, and “0.00321" has three significant figures.
The number “100" has only one significant figure, whereas “100.” has three. Scientific notation helps

clarify significant figures, so that 1.00 %X 10° has three significant figures as does 1.00x 107, but 0.001

or 1% 107 have only one significant figure.
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Significant figures reflect precision. The result of any calculation cannot improve upon the number of
significant figures, A rule can be stated here. The quantity with the least number of significant
figures tells you the number of significant figures you may give in your final answer. The
product of 22x 0.10145 = 2.2319 must be rounded off to two significant figures, so we can only say that
22x0.10145 =22,

DEALING WITH UNCERTAINTIES. To help understand the technical terms used in our treatment
of uncertainties, consider an example where a length of string is measured to be 24.S cm long, or
£=245cm. This best measurement is called the absolute value of the measvred quantity. It is
‘absolute’ not because it is forever fixed but because it is the aw measured value without any apprecia-
tion of uncertainty. Next, we estimate the absolute uncertainty in the measurement, appreciating that the
string is not perfectly straight, and that at both the zero and measured end of the ruler there is some
interpretation of the scale. This is ‘absolute’ because it is a raw value, with units the same as the measured
or calculated quantity. Perhaps we estimate the uncertainty to be 0.2 cm; we say that the absolute
uncertainty here is A{ =0.2cm (where A is pronounced ‘delta’). A repeated measurement or a more
precise measurement of the string might reveal it to be sk ghtly longer or slightly shorter than the initial
absolute value, and so we express the uncertainty as “plus or minus the absolute uncertainty.” The length
and its uncertainty is £ A% =24.5cm £0.2cm = (24.540.2)cm.

We now understand the string’s length measurement by saying that there is a range of probable values.

The minimum probable value is £, =(24.5-0.2)cm = 24.3cm and the maximum probable value is

€,q =(24.5+0.2)cm=24.5cm. By using the parentheses in (24.540.2) we can casily match the
uncertainty value with the least significant figure in the absolute value. Uncertainty is rarely needed to
more than one significant figure, Therefore, we can state a guideline here. When adding experimental
uncertainty to measured or calculated values, uncertainties should be rounded to one
significant figure, We might say £6 or £0.02 but we should not say 163.5 or £0.015. Also, we
cannot expect our uncertainty to be more precise than the quantity itself because then our claim of
uncertainty would be insignificant. Therefore there is another guideline. The last significant figure in
any stated answer shoﬁid be of the same order of magnitude (in the same decimal position) as
the uncertainty. We might say 432%3 or 3.06 £0.01 but not 432+0.5 or 0.6+ 0.02.

REPEATED MEASUREMENTS. A statistical approach to a number of measurements of the same
quantity will reveal a non-uniform scatter of values about an average value. The further away from this
. average, the less likely you are to find another value. The distribution is something like a bell-curve. It is
' thus unlikely that the range from the minimum to the maximum individual values represents the
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reasonable range of uncertainty. Repeated measurements usually do not increase the range but do help
reinforce 2 mean value. Therefore, we want to reduce the probable range of uncertzinty and give more
credit for the values near a mean value. Consider the average or mean {_ of four independent
measurements of a certain length £, where £, =140cmt2cm, €, =136cmt2cm, £, =142cmElicm,
ar;d {,=144cm+5cm. )

¢ = L+&+. ..+, 140cm+ 136cm +142cm + 144 em 140.5 o

Ui
e n 4

A reasonable expression of the uncertainty of the mean may be found by dividing the range (the differ-

ence between the largest and the smallest values in the data) by the number of measurements.

—~f¢ 1 -
Uncertainty in Mean = brae = Loun = ddcm , 136cm =2.00cm
n

The mean and its uncertainty can now be expressed as £ +Af =140.5cm £ 2.00cm or, in correct form, as
£+ AL =(141£2)cm . Notice how the range of absolute values goes beyond the uncertainty of the mean.

We can improve upon the uncertainty range of an average value but there is no guarantee of improving
accuracy with repeated measurements. Moreover, we can not improve on the precision of any
measuremnents. A series of measurements with 3 significant figures cannot yield a mean value with 4 or 5
significant figures. This simplified method is not the same as the statistical calculation of mean deviation

(where you find the average of the differences between each value and the mean).

Number Line Showing Uncertainty Range for Mean and Raw Values

Mean Rdnge

Raw Value Range

T T T 1 1 i T
13% 136 137 138 139 j 141 142 143 144 145
Raw Mean = [40.5 cm j

Mean to 3 Significant Figures = 141 cm

REJECTING DATA. Sometimes one measwrement in a series of repeated measurements of the same
quantity appears to disagree with the pattern of the others. When this happens, you must decide whether
the suspect measurement resulted from some mistake and should be rejected, or was 2 bona fide measure-
ment and should be used with all the other data. For example, imagine you make measurements+of the
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period of a pendulum and get the results (in seconds) of 3.8, 35,39, 3.9,34, 1.8. The value 1.8 is
noticeably different from the others, and we must decide what to do with it.

If you cannot find the cause for the suspect result you must then decide whether or not to reject it by
examining the other measurements. In our exarnplc the best estimate of the period of the pendulum is
significantly affected lf we reject the suspect 1.8 seconds. The average of all six measurements is about
3.4 seconds, whereas that of the first five is 3.7 seconds. The decision to reject data is ultimately a sub-
jective one, but one which requires careful Judgment. Sometimes drawing a graph helps you appreciate the
degree of how inconsistent a given measurement is. The best strai ght line graph is drawn using only the
consistent data points. You should include a suspect data point but circle it and indicate that you ignored it
when drawing the best straight line.

COUNTING MEASUREMENTS. Some experiments involve counting events that occur at random but
with a definite average rate. For example, in a sample of radioactive material, each individual nucleus
decays at a random time, but there is 2 definite average rate at which we would expect to see decays in the
whole sample. We can try to measure this average rate by observing how many decays occur within some
finite mterval, such as one minute. Suppose we find that N decays have occurred after one minute.

Because the decays occur at random, we can ask just how reliable N is as a measure of the expected
average number of events. The answer is that the uncertainty in Nis +-/N , and so the average number of
eventsis NN . If we count 15 decays from a radioactive sample over a time of one minute, we would

conclude that, on average, our sample undergoes 15++/I5 =15+3.8972=15+4 decays per minute. The

probable range for any given minute would be from 11 to 19 decays per minute.

RANDOM AND SYSTEMATIC UNCERTAINTIES. A seres of measurements may be recorded
with the greatest possible precision but the numbers will often differ. For example, in imeasuring the
thickness of a piece of wire with a micrometer screw gauge, the wire may not be of uniform thickness, the
jaws of the gauge may be closed differently each time, or there may be temperature variations between
measurements. There are a variety of reasons for imperfect measurements.

The most common are random uncertainties; these occur as deviations from a normalized value,
Repeated measurements of the same quantity are just as likely to be either too small or oo large. Random
variations could be caused by such things as slight changes in atmospheric pressure, room temperature,
supply voltage, or by changes of friction or pulling force when a trolley is pulled down different parts of a
runway. Uncertainties in instrument readings can also be random; you may :msroad the scale, or read
from the wrong end of a meter stick. The size of random uncertainties depends in part on the skill of the
experimenter, Two different students doing the same laboratory experiment often get different results. As

the skill of the experimenter increases, so the random errors and uncertainties should reduce.
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When a series of measurements is consistently shifted in one direction we say there is a systematic un-
certainty in these results. An experiment may contain a systematic fanlt when, for instance, an ammeter is
not correctly zeroed and so gives consistently low readings. A stray magnetic
field may offset all measurements, or the background count in a radioactivity
measurement needs to be accounted for. A spring balance [see the sketch] may
not have been cormrectly zeroed and so resulting measurements are incorrect.
Repeated measurements will have no effect on systematic errors but graphing
your data can reveal the comsistent shift in the data. To eliminate systematic

uncertainties introduced by a measuring instrument, we must calibrate it using

standards that are known 1o be of high precision and accuracy.

Experiment

. S 4
Mistake Sysfgma:ic Random

Mistakes or personal errors are clearly inconsistent with the rest of the
data. Systematic errors are consisient but shifted away from the theoretical
line (in this case, the theory is y =mx + ¢ where ¢ =0). Random
uncertainties, the most common and inevitable limit to our data, gives a
staristical scarter.

There is the possibility of an error inherent in some digital equipment. Occasionaily digital measuring
devices will introduce an uncertainty called quantisation error. This is caused by the conversion of
measurements from analogue (or a continuous signal) to digital representations of that signal. A nurnber
of measurements are made over a time interval. The signal source may vary during the sampling time. As
a result, the true signal and the measured signal may differ. This is especiaily true if the source signal
varies at a frequency higher than the sampling frequency. In odd cases, a beat frequency might occur and
totally wrong result can obtained. In the vast majority cases, however, this does not happen, and the

sampling is representative of the source itself.

ANALOGUE AND DIGITAL MEASUREMENTS. Reading analogue scales requires
interpretation. Measuring the length of a pencil against a ruler with millimeters divisions requires judg-
mehts about the nearest millimeter or fraction of a millimeter. For an analogue scale, we can usually detect
with confidence one-half the smallest division at both the measured end and the zeroed end. We can say
that E)ur measurement has an uncertainty of plus or minus the smallest division. If the scale divisions are

large, we can often interpolate even smaller divisions.
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Digital readouts are not scales but are displays of integers, such as 1234 or 0.0021. Here, no
interpretation or judgment is required, but we should not assume there is no uncertainty. There is a
difference between 123 and 123.4, and so digital readouts are Limited in their precision by the number of
digits they display. A voltage display of 123 Vcould be the response to a potential difference of 122.9 V
or 1239 V, or ény voltage within a range of about one volt. Although there is no interpolation with a
digital readout there is still an uncertainty. The displayed value is uncertain to at least plus or minus one
digit of the last significant figure (the smallest unit of measure), There may be, of course, other reasons
affecting the uncertainty that would increase this value, such as the calibration, the sampling method, 2
systemaltic eryor or a linearity problem.

UNCERTAINTIES IN GRAPHS. Too often students-will draw a graph by connecting the dots. Not
only does this look bad, it keeps us from seeing the desired relationship of the graphed physical
quanitities. Connecting data-point to data-point is wrong. Even when there is no measurable uncentainty, I
have students mark data points with small circles or crosses. When a graph includes uncertainty limits, or
uncertainty bars, the best straight line more easily connects to the data regions. With an uncernainty bar,

the data "point’ becomes a data ‘area.’

Data Point with X and Y Uncertainty Bars

F+AY
(r.p) o
" ncertatny
T-ax shkeed Area Range
F- &Y

Because there is not such thing as an infinitely precise data point, you
should never mark a data point on a graph with just a dot. You should use
a small circle, or, if relevant in size, draw an unceriainty bar.

We can easily sketch the best fit line and the two worst (the minimum slope and the maximum slope)
acceptable lines by using the extremes of the uncertainty bars. The graph thus performs the function of
averaging the data. ‘
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Possible Slopes Within Uncertainty Range -

Y Best Straight Line

Minimum Slope

Uncertainty Bars for y-Values Only

Richard Feynman once said that we should be cautious with the first and last data points on any graph.
He assures us that there is a reason for these points being the first and last. Therefore, they may be the
least reliable points. Unccrtmmy bars alone may not reveal this weakness of data.

SUM AND DIFFERENCE. Let us say you want to make some calculations of a rectangular metal plate.
The length L is measured to be 36mm with an estimated uncertainty of &3mm, and the width W is
measured to be 18mm with an estimated uncertainty of +1mm. How precise will your calculations of the

circumference and area be when you take into account the uncertainties?

We assume the parailel lengths and the parallel widths are identical, where L=(361+3)mm and

W = (18 £ 1)mm. The circumference is simply the sum of the four sides.
Coroomae =L+W+L+W
Coprotute = 30 mm +18mm + 36 mm +18mm = 108 mm

To find the least probable circumference, you subtract the uncertainty from each measurement and then
add the four sides. The minimum lengths and widths would be [, =(36~3)mm=33mm and

W =(18~1)mm =17mm. The minimun circumference is C_,.

min

C.=L_ +W_ +L_ +W, =100mm

min min

-
%

To find the maximum probable circumference, you add the uncertainty to each length and width, and then

" you add the four sides together, where L, = (36'+ 3)mm =39mm and W, =(18+ )mm =19 mm.



Page 10

Co.=L +W_ +L +W =ll6mm .
The range from maximum to minimum is the difference of these two values.

Cmﬂse = Coe ™ Cin = 1 16mm ~100mm = 16mm
This range includes both the added and the subtracted uncertainty values. The absolute value lies midway,

so we divide the range in half to find the uncertainty in the circumference, AC.

C
Acm_ﬂizl_é_’_”_”lzgmm
2 2

This is correctly expressed as + AC = +£8mm, and the circumference is now written as
CEAC=(108%8)mm.

We can generalize this process. When we add quantities, we add their uncertainties. The chances
are that some of the uncertainties are ‘plus’ and others ‘minus’ and so a statistical approach to this would

reduce the uncertainty range, but for most IB Physics work this worst probable range is satisfactory.

What about subtracting quantities? Subtraction is the same as addition except we add a negative quantity,
A+ B=A—-(~B). And the uncertainties? It would make no sense to subtract uncertainties because this
would reduce the resultant value; we might even end up with zero uncertainty. Hence we add the uncer-
tainties. There is a general rule for combining uncertainties with sums and differences. Whenever we
add or subtract quantities, we add their absolute uncertainties. This is symbolized as follows.

Sum (Ax8A)+(BtAB)=(A+B)+{AA+AB)

Difference (AtAA)—(B£AB)=(A-B)t(AA+4B)




Page 11

PRODUCT AND QUOTIENT. Next we calculate the area of the metal plate. The absolute area is the
product of length and width.

Aab:aiw’e = La.b:o!mg x W, = 36 mm X 18 iy = 648mmz

absolure

The minimum probable area is the product of the minimum length and minimum width.

A=L xW =33mmx1Tmm= 561 mm?®

The maximum probable area is the product of the maximum length and maximum width.

A =L xW_ =39mmx19mm=T41mm*

The range of values is the difference between the maximum and minimum areas.

Apge = Aae — A = 141 mm* w_SGlmmz = 180 mm?*

This range is the result of both adding and subtracting uncertainties to the lengths and widths, and the
absolute value is midway between these extreme values. Therefore, the uncertainty A A in the area is just
half the range; it is added to and subtracted from the absolute area in order to find the extreme probable
limits of the area.

A e 180 mm*
2 2

AA= = 00 mm’?

We can now express the area and its uncertainty to two significant figures.
AtAA=648mm® £90mm® = (6.5+0.9}x 10 mm*

To further develop the handling of uncertainties, let us now calculate the percentages of uncertainties in

both the absolute length and absolute width measurements.

A L% =2L100% = 2 100% = 8.33%
L mm
awe=2Y Lmm 1 00% = 5.55%, *

100% =
w

18mm
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Adding these two percentages give us 8.33% + 5.55% =13.88%. It is no coincidence that when we take
this percentage of the absolute area that we get the same value of uncertainty we got when we calculate the
extremne values.

13.88% x A =0.1388 x 648 mm® = 89.9424 mm*

absclute

The calculated area is now A+ AA=(648+89.9424)mm’ = (6.5 +£0.9)x 10%mm®. Expressed with a

percentage of uncertainty, the area is written as A+ A A%.

A% AA% =648mm’ £13.88% = 650mm’® £14%

The only apparent difference between finding the extreme values and using percentages is that using per-
centage is easier; it requires fewer calculations. Moreover, using percentages will simplify our work when
dealing with complex equations involving variations of product and quotient, including square roots,
cubes, etc. Although some examples may show a slight difference between the calculation of extremes and
the use of percentages, most of this difference is lost- when rounding off to the comect number of
significant figures. However, when making higher level calculation (such as cubes and square roots), any
slight difference between the two methods may become noticeable, and the use of percentages will yield a

smaller uncertainty range. This, of course, is desirable.

When multiplying quantities, we add the percentages of uncertainties to find the uncertainty in the prod-
uct. But what about quotients? Dividing two quantities is the same as multiplying one by the reciprocal of
the other, such that (A/B)= A(1/B). This means we should add the percentages of uncertainties when we
divide. You might think that you could subtract percentages of uncertainties when dividing but then you
would be reducing the effective uncertainty and you might end up with zero or even negative uncertainty.
This is not acceptable. Therefore, the rule of products and for quotients is one and the sar;m. We add the
percentages of uncertainties when we find the product or quotient of two or more quantities.
This rule is symbolized as follows.

Product (AtAA)x{BtAB)=(AX% B)i[(%élm%) +(-é§-i00%)]
+
(Quotient Atb4 _4 hix (9—4100%) +(9~EIOO%)]
BtAaB B A B -
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For example, find z where z=x/yand x+Ax=22+1and y+Ay=431+9.

rtpr=2E0x_ 2%l 22 +[(ii00%)+[%100%)] '

ytAy 431+9 431 [\22
22
zEAz= mi(4.545%+2.089%) =0.05104 £ 6.633%

z+ Az =0.05104 £0.00338 =(5.1£0.3) x 10

IGNORING AN UNCERTAINTY. If one of the percentage uncertainties is less than a quarter of the
other, you may ignore the smaller percentage. For instance, 4.8%+0.9% =4.8% and not 5.7%. A
statistical approach would show that uncertainties are not as bad as the combining rule suggests, but
statistical methods are beyond the needs of most student work. So, when one percentage is significanty
smaller than the other we can ignore it. | say a quarter arbitrarily but when taking significant figures into

account, this suggestion is justified.

POWERS. Multiplication can be seen as equivalent to addition. For example, 3x4 is the sum of three
4s: 3x4 =4 + 4 + 4. Squaring a number, then, is the same as multiplying it by itself, A> = Ax A. With ’
uncertainties, (A £ AAY =({A+£AA){A+AA). Where the uncertainty in A is expressed as a percentage,

we can see that this percentage is added 1o itself to find the percentage of uncertainty in A”.
(At AAB) =(ALAAD)NALAA%)= A* £2A0A%

Often the range of uncertainty is greatly reduced by using the method of percentages compared to the
method of calculating vpper and lower limits. Consider the number line for (x i'Ax)z where
x+ Ax=36+4. The percentage range is #144, while the upper and lower limits when calculated by the

maximum and minimum probable values of x are —272 and +304.

NUMBER LINE: &% = 367 =1296

1152  Perceniage Range 1440

1024 ' Raw Value Range 1600 ¥

T T T T T T v T T T T T
1000 1100 1200 * 1300 1400 1500 1600
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-

Similarly, when you cube a quantity you add the percentage of uncertainty of the quantify to itself three
times, because A’ = AXAXA. Hence {A+ AA%)Y = A’ £3AA%. We can generalize the adding of

percentages rule for any power, A" = A+ A, +...+ A_. First, we find the percentage of uncertainty in A4,

which is A A%, and then we add this to itself 7 times in order to find the percentage of uncertainty in A"

The rule for any n" power is symbolized as follows.

n* Power (AxAaA) =a" +n(%?-100%] A" £nAA%

Formstance if xis known to 3% then x* is known 10 6%, or x° is known to 15%, and so on. Using
percentages reduces the uncertainty range when compared to calculating raw values of maximums and
minimums.

ROOTS. Taking the square reot of a number is the same as taking that number to a power of one-half,

Jx = x'}, where, for instance, 36 = 36le =6. We have to be cautious heré. Previously, mathematical
operations increased the overall uncertainty. But taking the square root of 2 number yields a much smaller
number, and we would not expect the uncertainty to increase to perhaps to a value greater than the square
root itself. Also, our combination of uncertainties must be consistent in a way that when you reverse the
process you end up with the same number and with the same uncertainty you started with. For instance,

Yx* must equal x, and the same with the uncentainties. Therefore it seems fair to say that taking x 10 the
one-half power will cut the uncertainty in half, Then, when you square the square root and propagate the
uncertainties, you end up with the original uncertainty and the original absolute value.

With an argument similar 1o square roots, we can say that the cube root will reduce the percentage of
uncertainty to one-third, or the fourth root reduces the percentage of uncertainty to one-fourth. In general,

where /A = A%, we can state 2 rule. The n™ root reduces the percentage of uncertainty by I/n. This

is symbolized as follows.

n™ Root For 1f/A+AA, wefind YA+ — (55100?) =4A + L4%

n

Fy
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PURE NUMBERS. Often calculations involve numbers such as 2, 4, {6, or 7. These are pure
numbers and have no uncertainty associated with them. If you were to measure the thickness of 100

sheets of paper to be {26%1)mm then you could say that the thickness of a single sheet is
(0.26 +0.01)mm. This is reasonable because if you reversed the process and you measured one sheet as’

(0.26 £0.01}rmum and then multiplied by 100, you would end up with the same value and uncertainty as
measuring 100 sheets. The general rule for propagating uncertainties when using pure numbers is straight
forward. When you multiply or divide by pure numbers you multiply or divide the absolute
uncertainty by the pure number.

For example, when you measure the diameter of a circular object and want to calculate the radius, where
r=dj2 and d*Ad ={4.6£0.2)cm, you find that dividing by 2 will cut the uncertainty in half. There-
fore rtAr={23%0.1)cm. A circle with this radius will then have a circumference ¢=27r and

uncertainty Ac= 2w Ar as follows.

ctAc=2n{rtAr)=2n(23%0.1)cm

ctAc=144513cm £0.6283cm = (14 £ 1)em

FUNCTIONS. You must not assumne that the adding percentage rule is applicable to all calculations.
There are certain mathematical functions (such as reciprocals, logarithms and trigonometric functions}
where, if the uncertainty is more than a few percent, we should use the absolute uncertainty to cormpute
upper and lower limits which then determine the uncertainty in the function value. Why? The percentages
are necessarily symmetrical, $A x%; the same uncertainty value Ax is added and subtracted from the
absolute value to find the probable range. A more accurate description of the range of uncertainty with,

say, the reciprocal function, is that it is not symmetrical.

Take, for example, the reciprocal of x where y = {1/ x) and x*Ax=0.36%£0.06. Calculating percent-

ages, the uncertainty range is 0.46 on cither side of y where y =2.78. Calculating the minimum and
maximum values of y gives 0.40 below and 0.56 above the absolute value of y, which is an asymmetry
with 2 range shifted upwards. We can state the following rule. The uncertainty range for the
reciprocal function is found by calculating the upper and lower limits using minimum and
maximum raw values of the denominator. We should not use percentages. This is especially true
when drawing uncertainty bars on graphs because it is the range of probable values that allows you 1o
draw the best straight line and we don’t want this shifted symmetrically when in fact the cormect range is
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asymmetrical. However, when uncertainties are small {(a few percent or less), we may assume that the
percentage of the uncertainty in x is the same as in y, where y is the reciprocal of x,

A similar asymmetry in raw value uncertainty distribution occurs when taking fogarithms. This asym-
metry is especially important when we graph functions because when we attempt to draw a best straight
line we need to pay attention to the larger side of the uncertainty for a given data point. Logarithms, how-
ever, have the asymmetry in the opposite direction (shifted to a Jower range) compared to the reciprocal
function. When calculating the uncertainty range of a quantity that is expressed in logarithms,
always find the uncertainty range using minimum and maximum raw values.

The trigonometric functions of sine, cosine and tangent are examples of pure functions. The uncer-
tainty range here can be calculated using minimum and maximum values. Try an example of a large
uncertainties and show yourself that using percentages yields a greater uncertainty range than calculating
minimum and maximum absolute values. To find the refractive index n using a measured critical angle 6
with the equation n = 1/sin@, you should make three calculations, sin (6 —46), sin(8 + A8), and sin®.
When using trigonometric functions it is best to determine the uncertainty by calculating upper
and lower limits using absolute values.

EXAMPLE CALCULATION. The following illustrates what a you might do when calculating gravity
from 2 simple pendulum experiment. The pendulum length and period are measured as £=2.54£002m

and T=3210.1s5. Theory tells us that 7 = 27.f¢fg . First, we solve for gravity and then we find the

percentages of uncertainties.

z 2
JAT L _ATZAM) g 002498 ms

70 (3.2:;)1
at% =" 1600 = 0.7874 %
2.54m
AT% = (3).;5 100% = 3.125%

- -

Period Squared Uncertainty = 2x AT % =2x3.125% = 6.2500%

» -
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When we divide the length by the period squared, we add the peré&ntages of uncertainties,
0.7874 % + 6.2500 % . But here we recall the general rule that if one of the percentages is a quarter or less
than the other, we can ignore the smaller percentage. Therefore, we can say that the uncertainty in this
problem is 6.2500%. We now change the percentage of uncertainty into an absolute value, and then
express the calculated value of gravity to two significant figures.

g=9.792498 ms™ £0.612031 ms™ = (9.8 £0.6)m s

ADVANCED STUDENT WORK. The rules and suggestions in this booklet relate to the IB Physics
cumriculum. When doing more specialized work, however, such as an extended essay in physics or a more
devéfbped class lab, you may want to use more sophisticated methods, inclﬁding statistical analysis. When
combining two uncertainties, A A and +A B, it was suggested that we simply add the absolute uncertain-
ties. There are four combinations here: +A A4 with +AB, +AA with —AB, ~AA with +AB.and -AA
with —A B. This means that there is a 50% chance that combining uncertainties will actually reduce the
overall uncertainty. The rule of adding is really for the worst possible case. Here, then, are two advanced

rules that refine the combination of uncertainties.

For sum and difference, the resultant uncertainty is the square root of the sum of the squares of the
individual uncertainties. This improves upon the uncertainty range (i.c., it reduces the range) when com-

pared to simply adding the absolute uncertainties.

Ax=-JAA' + AB* + AC? +erc.

For product and quotient, the fractional uncertainty is the square root of the sum of the squares of the
individual fractional uncertainties. This ratio can be turned into a percentage by multiplying it by 100%.

This improves the uncertainty range by reducing it.

Ax \/[AAT (AB)Z (AC)’-
—ll ¥ + +erc.
X A B C
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CONCLUSION. Because scientific theores are simplified approximaﬁons’ of a complex reality, an
appreciation of the precision and accuracy of experimental results is an essential part of the experimental
process. The LB. Physics Course Guide tells us that students are to gain an understanding of what it
means to determine a value, and the confidence that one can associate with that value. Since pkysics isa

quantitative science at its most fundamental level, this is an essential skill.

SUMMARY OF BASIC RULES

Sum

(A£AA)+(BxAB)=(A+B)+(AA+AB)

Difference (AtAA)—~(B+AB)=(A~B)£(AA+AB)
Product (AAA)x(BE&B)=(Ax B)i[(%ﬂm%) +(%‘§1oo%
Quatiens ATOA A, (Mloc%)e-(ﬁxooqa)
BtAB B |\ A B
th n n AA "
n* Power (AxaA)  =A"%n TIOO% =A"tnAA%
n™ Root For /A AA, wefind YA L i(-‘%m%) ~A s 24%
n

n
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PROBLEMS .

The diamneter of a wire is measured repeatedly in different places along its length. The measure-
ments in millimeters are 1.26, 1.26, 1.29, 1.31, 1.28, 1.27; 1.26, 1.25, 1.28, 1.32, 1.21, 1.27, 1.22,
1.29 and 1.28. What is the average of these measurements? Express your answer with an
uncertainty.

Given two masses, m =(100.0+£04)g and m, =(49.3£0.3)g, what is their sum, m, +m,, and

what is their difference, m, — m,, both expressed with uncertainties?

“You drive your car at a constant speed such that the reading on the speedometer is 40 mph. The
| speedormeter is assumed to be accurate to £2 mpﬁ. Atthe end of your drive you would like to know
how far you have driven but you forgot to look at the-‘milcagc. You assume that you have been
driving for about 4 hours, give or take 15 minutes. Estimate how far you traveled and assign an

uncertainty to your answer,

What is the uncertainty in the calculated area of a circle whose radius is determined to be
r=(14.6£0.5)cem?

What is the uncertainty in the calculated density (densi:ymmass/volume) of a block of mass

m=(245 % 2)g and with sides of (2.5+0.1)cm, (4.8%0.1)em and (10.2 + 0.1)em?

An electrical resistor has a 2% tolerance and is marked R =1800Q. What is the range of acceptable

values that the resistor might have? An electrical current of 7 =(2.110.1)mA flows through the re-
sistor. What is the unceriainty in the calculated voltage across the resistor where the voliage is given
as V=IR?

An accelerating object has an initial speed of w=(124+0.1)ms™ and a final speed of
v={(28.8£0.2)ms™". The time interval for this change in speed is Ar = (4.2+0.1)s. Acceleration is

defined as a = {v ~ u)/Ar. Calculate the acceleration and its uncertainty.

The distance s that an accelerating body covers in a certain amount of time ¢ is given by the equation
s=mi> where the constant m = 16ms™>, Compare the distances traveled (and the uncertainty) for

twotime intervals: , =(3.0£0.1)s and ¢, = (9.0 £ 0.1)s.
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10.

i1

12.

13.

What is the volume and its uncertainty for a sphere with a radius of r= (214 1)mm?

Frequency and period are refated as reciprocals.,, What is the period and its absolute uncertainty
when the frequency of 1kHz is known to 2%?7?

Angle 6 is known to about £1°. If £8 =34° what are the minimum and maximum acceptable

values for tan 87

Einstein's famous equation relates energy and mass with the square of the speed of light, where
E =mc’. What is the percentage of uncertainty and the absolute uncertainty of the energy for a

mass m=1,00kg where the speed of light is ¢ = 3.00x10* ms™'?

With a good stopwatch and some practice, one can measure times ranging from about a second up
to many minutes with an uncertainty of 0.1 second or s0. Suppose that we wish to find the period 7
of a pendulum with T =0.55. If we time one oscillation, we will have an uncertainty of about 20%,

but by timing several successive oscillatdons, we can do much better.

If we measure the time for five successive oscillations and get 2.4 +0.1s, what is the final answer
{(with an absolute uncertainty) for the period? What if we measure 20 oscillations and get a time of
9.4£0.1s?

{177 LOOKS
LIKE 95l e

The End.



